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Penner Type Ensemble for Gauge Theories Revisited 
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The Penner type /3-ensemble for f2-deformed M = 2 $[/ (2) gauge theory with two massless flavors 
arising as a limiting case from the AGT conjecture is considered. The partition function can be 
calculated perturbatively in a saddle-point approximation. A large N limit reproduces the gauge 
theory partition function expanded in a strong coupling regime, for any /3 and beyond tree-level, 
confirming previous results obtained via special geometry and the holomorphic anomaly equation. 
The leading terms and gap of the gauge theory free energy at the monopole/dyon point follow as a 
corollary. 



I. INTRODUCTION 

In recent years there has been continuous progress in 
understanding and extending the AGT conjecture, for- 
mulated in [l], which relates two dimensional conformal 
field theory and four dimensional gauge theory. 

One of the central statements of the original conjec- 
ture is the equivalence between conformal blocks, B, and 
the instanton part of fi-deformed Af = 2 gauge theory 
partition functions, Z mst , i.e., 



l (ai,mi,qi; (3) . 



(1) 



which invokes a non-trivial mapping between the gauge 
theory parameters, namely the Coloumb moduli a,, 
masses of matter fields, UV gauge couplings qi and 
the fi-deformation parameter j3 := — £2/^1, and the con- 
formal dimensions Aj = cn{aQ — ai) and positions of the 
operator insertions on the CFT side. (Note that there 
should be as well a g s dependence in (JTJ) , since e% = \f0g s 
and €.2 = ~~jjj9s is the natural parameterization for the 
equivariant parameters e^. However, for historical rea- 
sons g s will only be introduced later.) Here, ao is given 
in terms of the central charge c via 

c = 1 - 24al , 

and 7 denotes the set of intermediate states. 

In this note we are in particular interested in the O- 
deformed Af = 2 asymptotically free SU(2) gauge theo- 
ries with Nf < 3, which can be obtained as a limiting case 
of the theory with Nf — 4. The latter is identified via the 
relation ([l} with the sphere 4-point conformal block with 
a s-channel intermediate state under the identification of 
parameters [l| 

7 = a + a, «o = ~ (y/fi ~ , 

oti = a + ^ (mi ~ m 2 ) , a 2 = ^(m 1 +m 2 ), ( 2 ) 

a?3 = — (771,3 — m 4 ) , a 4 = a + — (m 3 + m 4 ) . 



(The rrii are the masses of the hypermultiplcts.) Decou- 
pling of flavors extends ([lj to a correspondence between 
so-called irregular conformal blocks and the Nf < 3 the- 
ories 0,9 • 

A remark is in order. The identification (JTJ) for the 
asymptotically free theories has been originally inferred 
for expansion at weak IR coupling, i.e., with large a, 
respectively 7. However, one should keep in mind that 
one should see in ([1} more than a mere statement for 
weakly coupled gauge theory. In general, and in partic- 
ular for the theories of our interest, SU(2) with Nf < 3, 
the gauge theory partition function Z mst is a non-trivial 
function over the Coloumb parameter moduli space. This 
is reflected in the non-uniqueness of the conformal blocks 
B. There is an underlying monodromy problem, that 
is, the blocks have (qualitatively said) non-trivial mon- 
odromies 



B- ( -> M 7 , Bi 



Hence, a fully fledged AGT conjecture for the asymp- 
totically free theories includes a mapping between the 
underlying monodromy problems, as the relation 7 ~ a 
suggests. In other words, for each Z mst expanded in a 
specific region in Coloumb parameter moduli space, there 
should be a corresponding representation of the confor- 
mal block. 

Therefore, for fully fledged confirmations and/or 
proofs of the relation |T]) one has to go beyond the regime 
of IR weakly coupled gauge theory, and in particular dis- 
cuss the mapping of the underlying monodromy prob- 
lems. This appears to have been discussed only super- 
ficially so far, if at all (however, certain aspects can be 
inferred from [4|). 

Therefore, one might see the proofs of some specific 
instances of the AGT conjecture available today as sort 
of incomplete, as they appear to be valid only at one spe- 
cific point in moduli space (c/., Q). In particular, most 
of the explicit confirmations of the conjecture are based 
on matching CFT calculations for B with the instanton 
counting formulae of [6|. 
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One of the reasons for the lack of confirmations of the 
AGT conjecture at other points in moduli space might 
be that so far there are no such neat expressions for 
Z mst expanded at strong coupling available as the for- 
mulaes of However, techniques to obtain Z mst for 
the Nf < 3 theories at other points in moduli space are 
available, though technically more involved. They make 
use of special geometry and the (extended) holomorphic 
anomaly equation, as put forward in 0, ll • This is usu- 
ally referred to as B-model approach, as the underlying 
techniques have been originally developed to calculate 
B-model topological string amplitudes. 

One of the purposes of this little note is to show at 
hand of an explicit example that the relation (fTJ) indeed 
continues to hold away from weak IR coupling for the 
asymptotically free theories. Fortunately, many of the 
needed ingredients are already scattered in the literature. 

The example we will focus on in this note is O- 
deformed AT — 2 SU(2) gauge theory with two mass- 
less flavors. The reason being that both, the B-model 
calculations, as well as the calculation of the correspond- 
ing blocks are rather simple. Since we will utilize the 
Dotsenkov-Fateev integral representation of the sphere 4- 
point conformal blocks, the correspondence ([T]) translates 
to the proposed equivalences of [9( between ^-deformed 
SU(2) partition functions with Nf < 4 and /3-ensembles 
of Penner-type. 

Hence, the confirmation of (fTJ) we perform below is a 
non-trivial higher genus check of the /3-ensemble as the 
incorporation of the H-deformation. To our knowledge, 
this is the first check of a (non-gaussian) /3-ensemble be- 
yond genus one. It is expected that the results extend 
to the massive Nt = 2 and Nf — 3 cases. (In fact, it 
seems possible to write down a proof of the AGT con- 
jecture for the asymptotically free theories for any /3 and 
for any point in Coloumb moduli space using the known 
techniques featured in this note, though certain details 
still have to be worked out.) 

Finally, let us mention one of the reasons why a topo- 
logical string theorist might be interested in the validity 
of the relation (TTJ) beyond weak coupling. CFT calcu- 
lations of conformal blocks can be rather simple (see in 
particular Q), and so, hopefully, their analytic contin- 
uation. Some indications in this direction can be found 
below. Since there are extensions of the AGT correspon- 
dence to 5D 13, ll| (from the ensemble point of view, 
this will involve a g-deformation of the measure), one 
might hope that one can similarly calculate the 5D par- 
tition functions away from weak coupling via CFT, i.e., 
reach other points in moduli space of the corresponding 
refined topological string. This will yield independent 
confirmations of refined B-model calculations, for which 
no other way of calculation is known so far. 



II. FROM BLOCKS TO ENSEMBLES 

In this section we will present a derivation of the 
Penner type /3-ensemble corresponding according to the 
AGT conjecture to Sl-deformed SU(2) gauge theory with 
Nf = 4. The derivation is in spirit the one of @, El El, 
though we will present things in a slightly different (and 
more condensed) form. 

Starting point is the representation of the conformal 
block of the sphere 4-point correlation function in terms 
of the free field correlator with screening charge insertions 
(also known as Dotsenkov-Fateev integral) 1J, |l5| 



Bj(ai;q) ~ <z> [dX] <z> [dX] 
J[C+] J[c-] 



x /v ai (oo)v a2 (i)v a Mv a Ml[J+(^)ll J-fo)) > 

\ i=l 3=1 I 

(3) 

where [C~\ denotes the set of integration contours, 
V ai (zi) is an usual vertex operator inserted at posi- 
tion Zi represented as an exponent of a free field and 
J± := V a± . One should note that different choices of 
contours [C^] lead to different solutions for B, reflecting 
the non-uniqueness of the blocks (i.e., the monodromy 
problem), c/., 15]. For instance, a choice of contours 
corresponding to the weakly coupled gauge theory has 
been proposed in 13j,[l6|. Here, we will be naturally led 
to a different choice of contours (which should actually 
be the one of Q). Note that we neglected in an over- 
all (g-dependent) factor, which is not of relevance for our 
specific example later on. 

The free field correlator ^ is supplemented by the 
neutrality condition 



on + S+a + + = 2qq j 



(4) 



with 



a± — ao ± 



In particular, for ao given in ([2]), one has 




(5) 



Due to the mapping of parameters ©, we want to keep 
oti unconstrainted (that is, we want to allow arbitrary 
masses). Hence, the relation (0| imposes a condition of 
the number of screening charge insertions. Clearly, one 
set of screening operators is sufficient to fulfill Let 
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us pick J + . We set S- = and define N := S+ such that 
we obtain from ([3]) the eigenvalue ensemble 

. JV 

i [dA]A(A) 2a + TT(A i )° ! + a4 (A i - l) a + a *(\i - q) a+a3 , 

(6) 



with A(A) := IIi<j(^i~^i) the usual Vandermonde, and 
condition on the number N of eigenvalues 



N : 



l/^ ,\ 1 

- 2a = -= 



(mi + rn 3 ) . (7) 



For brevity of notation, we define Z := /3 7 (ct;; q) for later 
usage. 

The single product in ([B]) can be written as a logarith- 
mic potential, i.e., as e^i= l with 

W(A) = a+ (ai log(A) + a 2 log(A - 1) + a 3 log (A - g)) . 

Therefore the ensemble ([5]) is usually referred to as of 
Penner type. We still have to bring in an additional 
overall g J 1 in the potential (g s is needed to match the 
ensemble with a small g s expansion of the f2-deformed 
gauge theory). Since we do not want a g s dependence in 
the measure (and also not in the central charge), we do 
not redefine oto, but instead the masses m$ — > nii/g s . In 
particular, under this redefinition the olq terms occuring 
in the cc, given in (j2J turn into quantum shifts of the 
mass parameters in the ensemble. Hence, we arrive at 
the /3-ensemble proposed in [Pj. 

In the limit g s -C 1 we can perform a saddle-point ex- 
pansion of the ensemble as the potential possesses two 
distinct critical points, say Hence, in the small g s 
limit a two cut structure emerges, which fixes the set 
of integration contours [C + ], as the eigenvalues localize 
around the critical points. Denoting the number of eigen- 
values being located near fi± as N± , with N — N + + A_ , 
we can take in addition a large N± limit, i.e., 



N± 



oo , 



In this limit we keep 



a± ■= \fPg s N± , 



(8) 



fixed. The condition ([7]) then translates to a relation be- 
tween a+ and a_, leaving one parameter, which we de- 
note as a, unconstrainted. As the notation suggests, this 
parameter will be identified with the Coloumb modulus of 
Af = 2 SU (2) gauge theory. However, since a is finite, we 
expect that generally we are sitting in a strongly coupled 
point in the gauge theory moduli space. In the follow- 
ing we will confirm this at hand of the (calculationally) 



simplest example, namely the case with massless Nf = 2 
obtainable by decoupling two of the flavors and sending 
the remaining masses to zero. Note that the massless 
Nf = 2 case is nicely behaved in the sense that one can 
perform the decoupling and massless limit directly on the 
level of the /3-ensemble, as the two cut structure survives 
the massless limit (the Nf — 3 case is more subtile). 



III. ENSEMBLE FOR MASSLESS Nf = 2 

The decoupling limit of flavors down to Nf — 2, fol- 
lowing [17j, directly applied on the level of the ensem- 
ble is straight-forward and has been already discussed to 
some extend in the literature [H, In detail, send- 
ing rri4 — > oo keeping m^q = A3 fixed and subsequently 
r?72 00 with 7772A3 = A 2 fixed (this requires also a 
rescaling A — ► ^JA), yields the rather simple potential 
(with remaining matter massless) 



W(X) 



A, 



(9) 



where A2 denotes the dynamical scale (this also involved 
taking the UV coupling q small). Furthermore, the con- 
dition on the number of eigenvalues (O is reduced to 



N = 0. 



(10) 



(We picked here a specific quantum shift (gauge) of mass 
parameters which simplifies the calculations. One should 
note that the precise choice of gauge is not of relevance 
for the statement |lj.) The reduced condition (fT0|) looks 
puzzling at first sight, since it seems to dictate that no 
eigenvalues are allowed to be present! However, as dis- 
cussed above, a double scaling limits circumvents this. 
(In fact, a saddle-point expansion (g s 1) of the ensem- 
ble alone is sufficient if one allows for a negative num- 
ber of eigenvalues, which one should sec as eigenvalue 
holes.) Clearly, the potential Q possesses two critical 
points fi± = ±1, and we denote as before the number of 
eigenvalues being located around /i± as N±. Then, the 
condition (|10|) translates to A_ = —N + . In particular, 
we have that 

a := a.+ = — a_ , 

with a± as defined in (jSJ. 

As usual, in the saddle-point approximation the en- 
semble partition function splits into two parts 



(11) 



The perturbative part, Z per t, is expressible as a sum of 
normalized gaussian correlators, efficiently calculable in 
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n/g 


1 


2 


3 


4 


5 


6 


7 











i 

2 


5 

16 


n 

32 


63 
128 


527 
640 



TABLE I: Coefficients ci s) of order gj 2 for some low n. 



a small g s expansion, following for instance dclEO]. This 
yields 



3=0 



2g-2 



with 



71=1 



(12) 



and Cn(0) /3-dependent coefficients, some of them given 
for the reader's convenience in tables HI and [TT1 

Note that necessarily J-^/rt ^ s a polynomial in a, since 
the gaussian correlators are polynomials in N. 

On the other hand, Z np is determined by the normal- 
ization of the correlators, which is simply given by the 
gaussian, i.e., 



gap structure observed for SU (2) with Nf < 3 massless 
flavors expanded near a massless monopole/dyon point 
in moduli space 0, Q , with some distinguished leading 
singular terms <!>( n ). In particular, the i>^ n ^ are related to 
the expansion coefficients of the c = 1 string free energy 
(at radius R = 0), yielding the universal leading singular 
terms for the gauge theory expanded at a monopole/dyon 
point, via a shift of N [8j. 

Therefore, we expect that the large N± limit of Z cor- 
responds to the O-deformed SU(2) gauge theory parti- 
tion function with massless Nf — 2 expanded near a 
monopole/dyon point, but with some additional shift of 
parameters. 

Note that the (gap) structure (fTTj) is independent from 
the specific model under consideration, i.e., it will con- 
tinue to hold for massive Nf = 3 and Nf = 2, and hence 
also for the massless limits all the way down to pure 
SU(2). (This is in fact a general property of /3-ensembles 
in the saddle-point approximation with multiple cuts, as 
for instance observed already for ordinary matrix models 
03=1) in [3). 



IV. B-MODEL VERIFICATION 



Z g (N + ) x Z g (N.) 



with 



Z g (N) = J [dX}A(X) 2 ' 3 e-i ^ A? = JJ I|+|0 . 

It is well known that the gaussian free energy log Z g (N) 
possesses the large N expansion, 



lo; 



gZ g (N)~... + f> ( " ) (/3) ^ 



n>0 



with expansion coefficients $^ Tl - ) given by (c/., Q) 



k=0 



(13) 



where B n denotes the n-th Bernoulli number. Hence, 
using (jHJ we infer that 

logZ„ p (a; 5s ,/3) = --- + 2^$( 2 ™)(/3) (|) (14) 

n>0 

Combining (fl~2]) with ([M)) we deduce that the free energy 
log Z for the potential ^ possesses the characteristic 



The free energy of fi-deformed SU(2) gauge theory 
with Nf < 3 (massive or massless), can be obtained for 
any quantum shift of masses and at any point in moduli 
space via invoking the (extended) holomorphic anomaly 
equation of 



24 



- 26] (the B-model approach) . We will not 
recall here all the details, but rather refer to the works 
0i~ 



27] and references therein instead. 



According to (JXJ) , and the previous two sections, the 
coefficients of the expansion (fl2|) at order g~ 2 , given in 
table HI should correspond to the expansion of the prepo- 
tential of N — 2 SU (2) gauge theory with two massless 
flavors near a monopole or dyon point. This can be easily 
verified via the Seiberg- Witten solution of Af = 2 gauge 
theory 
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23]. In detail, the period a(u) and its dual 
a d (u) are obtained at a specific point in quantum moduli 
space (parameterized by u) via solving a corresponding 
Picard-Fuchs equation. The prepotential follows from 
the well known relation 



a D 



da 



We observe that the instanton terms of order a >2 of the 
prepotential expanded at a monopole/dyon point can be 
matched with the coefficients obtained from the ensemble 
listed in table U (here, and in the following, a matching 
of used conventions might require a rescaling of A2). 

Higher order terms in g s correspond to gravitational 
corrections to the gauge theory and can be calculated 



■5 



n/g 


1 


2 


3 


1 
2 


3-7,3+3/3^ 


17—413+173* 


205-503/3+205/3^ 


48 

21-88/3 + 131/3 6 -88/3 3 +21/3 4 


163 

297-1198/3 + 1736/3 a -1198/3 3 + 297/3 4 


96/3 

7574-29660/3+42025/3 2 -296603 3 +7574S 4 


64/33 


128/3 a 


640/3 a 



TABLE II: Expansion coefficients ci 9 ' of order gr^ and gl for some low n. 



using the holomorphic anomaly equation. One of the 
essential points in that approach being that one has to 
supplement by hand holomorphic functions, the so-called 
holomorphic ambiguity. This is usually done by assuming 
specific leading terms of the free energies expanded near 
the dyon/monopole point, following the ideas of [28| in 
the case of (non il-deformed) SU(2). 

Here, things are however a little bit more tricky since 
we do not know the precise quantum shift (gauge) of pa- 
rameters in the ensemble ([6]), which becomes important 
beyond tree-level (in particular shifts of N±). Therefore, 
we proceed in the inverse way of [7[. That is, we fix at 
the dyon/monopole point the anomaly to match the en- 
semble results given in table [TT] and analytically continue 
back to the weak coupling regime to compare with the 
instanton calculus of [6J. 

The 1-loop sector is rather simple. We infer that 



= ~ log (d u a(u)) - 2 *W(j8) log(64w 2 



■Af), (15) 



reproduces the coefficients Co (with u(a) at the 
monopole/dyon point). Since we know a(u) at any point 
in moduli space, (fT5|) can be easily expanded as well at 
weak coupling (a — > oo). Comparison with the instan- 
ton calculus of @ then shows that the 1-loop sector is 
in accord with the massless limit of Nekrasov's original 
Nf = 2 partition function under the additional quantum 
shift (this is not the shift used in 0, but precisely the 
shift we used to obtain the simplified potential © with 
condition fIP|)) 



mi 



m 2 



mi 



m 2 



1 

i 

TP 



(16) 



before sending m, — > 0. 

Higher can be calculated recursively via the holo- 
morphic anomaly equation of 25 1 (respectively, of [2rj| . 
depending on choice of gauge of mass parameters Q ) . We 
do not give any more details here, but just state that the 
holomorphic anomaly of J 7 ( g>1 '> can be fixed such that 
at the dyon/monopole point we reproduce the J-^ 9 ' from 
the ensemble. Analytic continuation to the weakly cou- 
pled regime shows again accordance with the instanton 
calculus under the mass shift (IT6l) . We dared to check 
up to order gj (only a small subset of the obtained coef- 
ficients c4 9 ' is shown in table [TT] because the /3-dependent 
expressions quickly become rather lengthy). 

This confirms that ([1]) is valid away from weak cou- 
pling for the example under consideration. In particular, 
the validity of the Penner-type /3-ensemble as a dual to 
fi-deformed gauge theory is confirmed, for any (3 and be- 
yond tree-level. The leading terms at the monopole/dyon 
point in moduli space (given by the c — 1 string parti- 
tion function at R = /3), and the gap condition found 
for O-deformed gauge theory in 0, Q follow as a corol- 
lary (mainly due to (|11[) and polynomiality of gaussian 
correlators) . 
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